Abstract. We study a volume preserving curvature flow of convex hypersurfaces, driven by a power of the k-th elementary symmetric polynomial in the principal curvatures. Unlike most of the previous works on related problems, we do not require assumptions on the curvature pinching of the initial datum. We prove that the solution exists for all times and that the speed remains bounded and converges to a constant in an integral norm. In the case of the volume preserving scalar curvature flow, we can prove that the hypersurfaces converge smoothly to a round sphere.
Introduction
Let M be an oriented, compact n-dimensional manifold without boundary. We embed M in the Euclidean (n + 1)-space by F 0 : M → R n+1 , and denote its image by M 0 = F 0 (M). We assume that M 0 is strictly convex. Then we consider a family of maps F : M × [0, T ) → R n+1 , with F t := F (·, t) : M → R n+1 satisfying (1.1) ∂ t F (x, t) = [−σ(x, t) + h(t)]ν(x, t)
F (x, 0) = F 0 (x),
where:
• ν is the outer unit normal to the evolving hypersurface M t := F t (M);
• σ(x, t) = E α k with α > 0 and E k is the k-th symmetric polynomial in the principal curvatures, i.e. E k (x, t) = 1≤i1<···<i k ≤n λ i1 (x, t) . . . λ i k (x, t), with λ 1 , . . . , λ n the principal curvatures of M t and k ∈ {1, . . . , n};
• The function h(t) is defined as
where A(M t ) is the n-dimensional measure of M t . Such a definition of h(t) ensures that the volume V ol(Ω t ) is preserved by the flow, where Ω t is the (n + 1)-dimensional region bounded by M t .
We will prove the following result.
Theorem 1.1. Let F 0 : M → R n+1 , with n ≥ 1, be a smooth embedding of an oriented, compact n-dimensional manifold without boundary, such that F 0 (M) is strictly convex. Then (i) the flow (1.1) has a unique smooth solution, which remains strictly convex and exists for all times t ∈ [0, ∞); (ii) the speed σ is bounded from above along the flow and converges to its mean value in L 2 -norm
Mt |σ − h(t)| 2 dµ → 0 as t → ∞;
(iii) if α = 1 and k = 2, i.e. σ is the scalar curvature, then M t converges smoothly with exponential rate to a round sphere which encloses the same volume as M 0 .
Some cases of these flows have been studied in the past literature. When α = 1/k, they belong to the class considered by McCoy [21] who proved smooth convergence to a sphere. The same result was obtained by Cabezas-Rivas and the second author [11] for α > 1/k assuming a pinching condition on the principal curvatures of the initial value. More recently [28] , the second author has considered the case k = 1 for any α > 0, proving convergence to a sphere for general strictly convex data.
In general, there is a wide literature about curvature flows of convex hypersurfaces, both in the standard version (without the forcing term) and in the constrained one. The starting point is the result by Huisken [14] who proved that any closed convex hypersurface moving by mean curvature flow shrinks to a point in finite time with a spherical profile. The corresponding result in the volume preserving version is also due to Huisken, who in [15] showed that, starting from a closed convex datum, the solution exists for all times and converges smoothly to a round sphere. Since then, many authors have studied curvature flows where the speed is a symmetric homogeneous function of the principal curvatures. The case of homogeneity degree equal to one is better known and investigated. There are results of convergence to a round point (for standard flows) or to a round sphere (for constrained flows) for very general speed functions, see for example [6, 21] . When the homogeneity degree is greater than one, the analysis is more difficult and the corresponding results have usually been proved only under some additional hypotheses. Typically, authors have imposed suitable pinching conditions on the principal curvatures of the initial data, or have restricted the analysis to particular dimensions or to data with symmetries, see for example [1, 2, 12, 26, 27] for standard flows, or [11, 22] for volume preserving flows. In fact, in most cases convergence results are obtained by considering the invariance or improvement of the curvature pinching, a property which is difficult to study or may even fail for general convex hypersurfaces evolving by speeds with general homogeneity.
Recently, in the above recalled paper [28] , it was observed that certain flows with homogeneity different from one enjoy better properties in the constrained case than in the standard one. In fact, a typical property of constrained flows is the monotonicity of a suitable isoperimetric ratio, and this provides an alternative technique to the study of the behaviour of convex solutions. In [28] , the property was used to control the outer and inner radii and to find an upper curvature bound, with no need to assume curvature pinching. A similar procedure had been used previously in the study of the anisotropic mean curvature flow [5] . Later, in [8] , the volume preserving flow driven by general nonhomogeneous functions of the mean curvature was studied, finding again convergence to a round sphere. An important step in this last paper was the derivation of a lower bound on the speed which avoids the use of regularity results from degenerate parabolic equations as it was done in [11, 27, 28] .
While [8, 28] studied speeds given by functions of the mean curvature, we consider here general symmetric polynomials. The flows we study are related to the mixed volumes, which are quantities that generalize the notion of area and volume of a convex body, and that can be expressed as boundary integrals of the polynomials E k . Using the monotonicity of a suitable mixed volume under the flow, we obtain a bound on the inner and outer radius of our hypersurface, which in turn implies a uniform upper bound on the speed and the global existence of the solution. In contrast with the cases considered in [8, 28] , the bound on the speed no longer implies a bound on the curvatures and the study of the asymptotic behaviour is more difficult. We can show that the speed tends to a constant in the L 2 -norm along suitable time sequences; since the only closed hypersurfaces with E k constant are the spheres, this suggests that the flow should converge to a sphere. However, in the general case we lack a bound from below on the curvature and our estimates are not strong enough to guarantee the existence of a smooth limit as time goes to infinity. We can solve these difficulties in the case of the scalar curvature flow, where the evolution equation of the mean curvature has a favorable structure, and we can prove a uniform bound on the principal curvatures using the boundedness of the speed and a maximum principle argument. We then prove convergence to a sphere by combining an argument of Ros [24] for constant mean curvature hypersurfaces with a recent L 1 -stability estimate due to Magnanini and Poggesi [19] .
Note. The results of this paper are part of the first author's PhD thesis. Shortly before submitting the paper, a related preprint by B. Andrews and Y. Wei [7] has appeared, which uses different methods and obtains further convergence results for the flows considered here.
Preliminaries
Notations. Let F : M → R n+1 be an embedded hypersurface with local coordinates (x 1 , · · · , x n ). We always assume n > 1. We endow M with the induced metric g = (g ij ) given by
where (·, ·) is the standard Euclidean inner product. The inverse of g ij will be written as g −1 = (g ij ). We also denote respectively by ∇ and A = (h ij ) the LeviCivita connection and the second fundamental form of M, while the measure is dµ = det g ij dx. The principal curvatures are denoted by λ 1 , . . . , λ n , and the mean curvature by H = λ 1 + · · · + λ n . We say that the hypersurface is strictly convex if all λ i 's are positive.
As usual, we always sum on repeated indices, and we lower or lift tensor indices via g, e.g. the Weingarten operator is given by
Given tensors T = (T 
where ν(x) is the outer unit normal vector of M at the point x. The subscript q will be omitted whenever there will be no ambiguity.
It is convenient to define the symmetric polynomials also for k = 0, n + 1 setting E 0 ≡ 1 and E n+1 ≡ 0. In order to simplify some formulas, we introduce the normalized symmetric polynomials
which satisfyẼ k (1, . . . , 1) = 1. For the purposes of this paper, these functions will only be evaluated in the positive cone Γ + := {(λ 1 , . . . , λ n ) :
The polynomials E k andẼ k can be also regarded as a function of the Weingarten operator of M. We will use the same symbol in the two cases, since the meaning will be clear from the context. We recall some well known properties, see e.g. §XV.4 in [18] or Lemma 2.1 in [11] .
Lemma 2.1. The following relations hold, for any k = 1, . . . , n and (
k , with equality if and only if λ 1 = · · · = λ n and k < n.
Short time existence and evolution equations. Given σ as in (1.1), we shall denote ∆σ =σ ij ∇ i ∇ j , whereσ ij = ∂σ ∂hij . Given matrices B andB, we define
It is well known that a flow of the form (1.1) without the volume preserving term is parabolic if at any point
In the case σ = E α k , this is satisfied on any strictly convex hypersurface. Parabolicity ensures the local existence and uniqueness of the solution. The additional term h(t) only depends on time and does not interfere with the parabolicity of the equation. Hence, we have the following result, see [15, 16, 21, 23] for more details.
n+1 be a smooth embedding of an oriented, compact n-dimensional manifold without boundary, such that F 0 (M) is strictly convex. Then the flow (1.1) has a unique smooth solution M t defined on a maximal time interval [0, T ). If T < +∞, then either lim inf t→T min Mt ∂σ ∂λi = 0 for some i, or lim sup t→T max Mt |A| 2 = +∞.
In the next proposition we list the evolution equations for the main geometric quantities associated with the flow (1.1), which can be computed similarly to [14] . A detailed computation can be found in [10] . .2), the volume of the region Ω t enclosed by M t is constant in time.
Mixed volumes. Mixed volumes are a classical notion in convex analysis, see e.g. [9, 25] . We recall here the definitions and properties required for our analysis.
Given a compact convex set Ω ⊂ R n+1 and t > 0, consider the set
It can be proved, see [9, §19.3.6 ] that the volume of this set is a polynomial of degree n + 1 in t and can be therefore written as
for suitable coefficients α i depending on Ω. We then define the k-th mixed volume of Ω as V i (Ω) = α n+1−i , for i = 0, . . . , n + 1. It can be proved that, for any Ω,
where κ n+1 is the volume of the unit ball in R n+1 . Thus, mixed volumes can be regarded as a generalization of volume and area. They are known also as cross sectional measures or quermassintegrals.
Mixed volumes depend continuously on the set: if {Ω l } is a sequence of convex sets converging to Ω in the Hausdorff topology, then
If the convex set Ω has a smooth boundary, mixed volumes admit an equivalent characterization as boundary integrals of the elementary symmetric functions of the curvatures. In fact, it can be proved that
An important result related to the mixed volumes are the so-called Minkowski identities, which say the following. On any closed convex hypersurface M and for any l = 0, . . . , n − 1, we have
where u = (F − p 0 , ν) is the support function centered at any fixed point p 0 . These properties were originally proved by Minkowski and Kubota. It was later proved by Hsiung [13] that they also hold without the convexity assumption.
Finally, we recall the following generalized isoperimetric inequality, which can be obtained as a consequence of Alexandrov-Fenchel inequality, see e.g. [9, §20] or [25, §7] . We have, for any compact convex set Ω ⊂ R n+1 , and any 1 ≤ m < l ≤ n + 1,
where B is the unit ball and κ n+1 = V ol(B), as defined above. In addition, the inequality is strict unless Ω is a sphere, see formula (7.67) in [25] and the following remarks.
Long time existence
Preservation of convexity.
Proposition 3.1. Let M t be a convex solution of (1.1) on a time interval [0, T 0 ) and suppose that h(t) ≤ h * for every t ∈ [0, T 0 ) for a suitable h * > 0. If we set λ min (t) = min x∈Mt λ 1 (x, t), then we have
Proof. We follow the procedure of [6] , where the authors consider flows driven by general homogeneous speeds in the standard non volume-preserving case. We will recall the main steps of the proof given there and focus on the differences due to the additional term h(t).
We use the Gauss map parametrization for M t , given by
, which takes z to the unique point in M t with outward normal direction z. Here u is the support function u(z) = sup q∈Mt (q, z) = (X(z), z), and ∇ is the gradient on the sphere S n with respect to the standard metricḡ ij . If we set
then it can be checked that the eigenvalues of τ ij with respect toḡ are the principal radii of curvature r 1 , . . . , r n , with r i = λ −1
i . To describe the flow in this setting, it is convenient to define
It is well known that Φ is a concave function, see for example [18] , and this property plays an important role in the study of the flow. We can also regard Φ as functions of τ ij and we can write the derivatives of Φ with respect to τ ij aṡ
Then τ ij satisfies the following equation, which can be computed as in [6, Lemma 10] .
This is a parabolic equation where the first order terms give a negative contribution, due to the concavity of Φ. The sum of the first two terms in the second line is also negative definite, as shown in the proof of [6, Theorem 5] . In contrast to the standard case, we have here an additional positive term h(t)ḡ ij . Therefore, the radii can increase, but only by an amount which is bounded as long as h(t) is bounded. More precisely, if r 0 denotes the largest radius at time 0, the maximum principle for tensors implies that the matrix τ ij − (r 0 + h * t)ḡ ij remains negative definite for all times, that is, the principal radii on M t are bounded from above by r 0 + h * t. The assertion follows.
Corollary 3.2. Let [0, T ) be the maximal interval of existence of the solution of (1.1). Then M t is convex for all t ∈ [0, T ). In addition, if T < +∞, then the curvature of M t becomes unbounded as t → T .
Proof. As h(t) is bounded on any compact subinterval of [0, T ), the convexity of M t follows from the previous proposition. If T < +∞ and the curvature is bounded, then we also have a bound on h(t) for t ∈ [0, T ), and the previous proposition shows that M t remains uniformly convex as t → T . This shows that the flow is uniformly parabolic and has bounded curvature on [0, T ). Well known regularity results, see e.g. [21, 11] , give uniform bounds on all derivatives of the solution and imply that M t converges to a smooth strictly convex limit as t → T . Then we can restart the flow, in contradiction with the maximality of T .
A monotone quantity. An important feature of the flow (1.1) is the monotonicity of a suitable mixed volume, as shown by the next Lemma. 
and the inequality is strict unless M t is a round sphere.
Proof. By Proposition 2.3 and Lemma 2.1 and integrating by parts, we have
which is a nonpositive quantity. Moreover, the integral is zero only if E k is constant on the hypersurface, and this only happens for round spheres, see e.g. [24] .
It is now natural to consider the generalized isoperimetric ratio
.
Then, by Lemma 3.3, I n−k+1 (Ω t ) is decreasing along the flow and, in particular, bounded from above. We recall that the inner [resp. outer] radius of Ω is the radius of the biggest (n + 1)-dimensional sphere contained in Ω [resp. the smallest (n + 1)-dimensional sphere that contains Ω]. We indicate inner and outer radii respectively by R − (Ω) and R + (Ω). We need the following property.
Proposition 3.4. For any n ≥ 1, 1 ≤ k ≤ n and c 1 > 0 there exist c 2 = c(c 1 , n) with the following property. Let Ω ⊂ R n be a compact, convex set with non empty interior such that I n−k+1 (Ω) ≤ c 1 . Then Ω satisfies
Proof. We observe that a bound on I n−k+1 implies a bound on the standard isoperimetric ratio involving the area. In fact, we have Let us set R − (t) = R − (Ω t ) and R + (t) = R + (Ω t ). By Proposition 3.1 we know that the solution of (1.1) stays strictly convex along the flow. Then we can use Proposition 3.4 to get the following corollary.
Corollary 3.5. There exist constants R + , R − > 0 such that along the flow
Proof. By virtue of the boundedness of the isoperimetric ratio, we can use Proposition 3.4 to say that
R−(t) is uniformly bounded by a constant c 2 depending only on n, V n−k+1 (Ω 0 ) and V ol(Ω 0 ). By comparing with a ball, we find
Since V ol(Ω t ) is constant, we obtain bounds from both sides on R − (t) and R + (t) which are independent on time.
Boundedness of the velocity. Thanks to Corollary 3.5 and Proposition 3.2, we are now able to control uniformly the velocity of the flow, and obtain curvature bounds which imply the long time existence for the solution. Proof. The proof uses a technique introduced in [29] and widely used in the following literature. We sketch briefly the procedure for the reader's convenience. We introduce the function
where u(x, t) := (F (x, t) −q, ν(x, t)) is the support function centered at a point q and c is a positive constant. The lower bound on R − (t) given by Corollary 3.5 ensures thatq and c > 0 can be chosen in such a way that there is a ball centered atq of radius at least 2c enclosed by M t for t in a suitable time interval. After computing the evolution equation satisfied by W and applying the maximum principle, we obtain an upper bound for W which also yields a bound for σ.
In the volume preserving case, the above argument requires some additional technicalities due to the fact that the hypersurfaces M t are not enclosed in one another, and so we must choose different centers of the enclosed ball in different time intervals. For the details we refer to [4, §7] , [20, §4] , [8, §3] .
If k > 1, the bound on σ provided by the above theorem does not imply that the curvature is bounded. In fact, there remains the possibility that some principal curvatures become unbounded while others tend to zero. However, we can already exclude this behaviour on any finite time interval, and obtain that the solution exists for all times. We begin by estimating the mixed volumes.
Corollary 3.7. All mixed volumes V i (Ω t ) are bounded from above and below by positive constants uniformly for t ∈ [0, T ). Similarly, there are two constants β, γ > 0, only depending on M 0 such that, on [0, T )
Proof. The bound from below follows from (2.3) and the volume preserving property
Here we denote by C all constants depending on i, n but not on t. Inequalities (2.3) also give a bound from above for n − k + 1 ≤ i ≤ n, thanks to Lemma 3.3. In the case 1 ≤ i ≤ n − k, we can use Lemma 2.1 and Proposition 3.6 to obtain
An upper bound for h(t) follows from Proposition 3.6. Since A(M t ) = V n (M t ) is bounded from both sides, a bound from below on h(t) is equivalent to a bound on Mt σdµ. Let η > 0, and setM t = {x ∈ M | E k (x, t) ≥ η}. Then,
If we choose η suitably small, we deduce
and we can conclude
We can now prove that the solution to (1.1) exists for all times. Proof. Suppose that the maximal time T is finite. By Proposition 3.1 and Corollary 3.7, we obtain that the principal curvatures are bounded from below for all t ∈ [0, T ) by some constant λ 0 . It follows, using Proposition 3.6,
, which shows that the curvatures are also bounded from above on [0, T ). This contradicts Corollary 3.2 and shows that T is infinite.
Theorem 3.9. For a general α > 0, we have lim inf t→+∞ Mt |σ − h(t)| 2 dµ = 0.
If α = 1, we have lim t→+∞ Mt |σ − h(t)| 2 dµ = 0.
Proof. From the proof of Lemma 3.3 we know that
If 0 < α ≤ 1, it can be easily checked that
where the last inequality comes from Corollary 3.7. If α ≥ 1, then from Proposition 3.6 and Corollary 3.7 it follows that
for some constant C > 0. We conclude that, for any α > 0, we have
In the case α = 1, we have a more precise result by estimating the time derivative of the integral. We have
For α = 1 the operator ∆σ is self-adjoint and we find, by Proposition 2.3 and 2.1,
Since E k+1 is uniformly bounded, as well as the area of M t , then
In addition, we have d dt
which is uniformly bounded, since the integral of H is equal to V n−1 (Ω t ) up to a constant factor. Finally we compute
where
The gradient term gives a negative contribution, while all the remaining terms have a bounded integral by similar arguments as before. It follows that we can find an upper bound
where C does not depend on t. Let us set l := lim sup t→+∞ Mt |σ − h| 2 dµ. If l > 0, then (3.2) implies that Mt |σ − h| 2 dµ oscillates infinitely many times between 0 and l with an arbitrarily large speed as t → ∞. However, the one-sided bound (3.3) is enough to exclude that Mt |σ − h| 2 dµ has arbitrarily fast oscillations. Therefore the integral must tend to zero.
Smooth convergence of the scalar curvature flow
We now restrict to the case k = 2 and α = 1, where the speed is given by the scalar curvature. In this case, the boundedness of the speed allows us to prove that all principal curvatures are bounded, as shown in the next theorem.
Theorem 4.1. There exists a constant C 2 > 0 such that on [0, ∞)
Proof. We can rewrite the evolution of H as in Corollary 4.2 of [1] :
where tr(
. At a local maximum point for H, the terms containing derivatives are non positive. Let us analyse the reaction terms.
Since E 2 ≤ C 1 , we can estimate
Then we obtain
. We conclude from equation (4.1) that, at any local maximum of H,
with β as in Corollary 3.7. The maximum principle implies
at any time t ∈ [0, ∞). Since M t is convex, the same bound holds for any principal curvature.
To prove convergence to a sphere, we will adapt the strategy used by Ros [24] to prove that any closed embedded hypersurface with constant E k is a sphere. The most delicate step is the result of the next Lemma, since the inverse of E 2 may in principle become arbitrarily large as time increases. We have to make a careful use of Proposition 3.1, which gives a control on the rate at which the curvatures can decrease.
Lemma 4.2. There exists a sequence of times {t l }, with t l → +∞ such that
Proof. We recall from the proof of Lemma 3.3 that
This implies that, for any given integer l > 1, we cannot have
for all large t. In particular, we can find a time t l ≥ l such that
Since the area of M t is bounded by Corollary 3.7 we have, for some constant C,
For any fixed t l , we want to estimate the measure of the subset of M t l where E 2 is small compared with its mean value, say E 2 < h/2. We have
By (4.2) and by Corollary 3.7, this implies
We further observe that, by Proposition 3.1 and Corollary 3.7, we have
Then we conclude
Lemma 4.3. There exists a sequence of times {t l }, with t l → +∞ such that
Proof. Let us seth
We have, using (2.2) and the divergence theorem,
Up to a translation, we can assume that max |(F, ν)| ≤ R + (t) ≤ C. Therefore, by Theorem 3.9, we have
We deduce (4.5) lim
On the other hand, by Lemma 2.1 (4.6)
Since we have
for any numbers a, b > 0, we deduce from Corollary 3.7 and Theorem 3.9
Therefore (4.6) implies lim inf
Together with (4.5), we find
On the other hand, by Lemma 2.1, we have
If we pick the sequence {t l } such that Lemma 4.2 holds, we find
By virtue of (4.7), we conclude lim inf
On the other hand, by Theorem 1 in [24] , any smooth closed hypersurface M with M = ∂Ω satisfies the reverse inequality
From the two last inequalities, the assertion follows. 1 dµ = (n + 1)V ol(Ω) characterizes the sphere, as shown in [24] . It can be checked that the proof of Lemma 4.3 also holds, with some additional computation, in the case of general k, α. The next estimate, instead, will make essential use of the curvature bound of Theorem 4.1.
Proposition 4.5. We have lim t→∞ R + (t) = lim t→∞ R − (t) = R, where R is the radius of a sphere enclosing the same volume as M 0 .
Proof. We first show that R + (t) − R − (t) tends to zero along the time sequence given by the previous lemma. This is an easy consequence of a stability estimate recently proved by Magnanini and Poggesi in [19] . We recall here their result, with some simplifications due to the fact that we are dealing with convex sets.
For a fixed t > 0, we take v : Ω t → R as the solution of (4.8) ∆v = n + 1 on Ω t v = 0 on M t .
We then consider the function w(x) = q(x) − v(x), where q(x) = 1 2 (|x − z| 2 − a) for some fixed z ∈ R n+1 and a ∈ R. By Theorem 2.6 and formula (3.2) in [19] , the hessian matrix of w satisfies the inequality Here, the constantsC,ε > 0 depend on the diameter and the volume of Ω t and on the inner uniform radius of M t , defined as r i (t) = inf p∈Mt sup{r > 0|∃q ∈ Ω t such that B r (q) touches M t at p from inside}.
For a convex Ω t , such a quantity is controlled by the inverse of the curvature of M t , and therefore is uniformly bounded from below by Theorem 4.1. The diameter and the volume of Ω t are also uniformly bounded, by the results of the previous sections. It follows that estimate (4.10) holds with constantsC,ε > 0 independent of t. In view of estimates (4.9), (4.10), we obtain from Lemma 4.3 that R + (t l )−R − (t l ) → 0 as l → +∞.
The convergence of the radii, together with the volume constraint, shows that the sets Ω t l converge in the Hausdorff metric to a sphere B R with the same volume as Ω 0 . By the continuity of the mixed volumes with respect to the Hausdorff convergence, the generalized isoperimetric ratio I n−k+1 (Ω t l ) tends to the value of the sphere I n−k+1 (B), which is the smallest possible value by Alexandrov-Fenchel's inequality. Since I n−k+1 (M t ) is monotone decreasing by Lemma 3.3, it follows that I n−k+1 (M t ) = I n−k+1 (B R ).
Let us now suppose, for the sake of contradiction, that lim sup t→∞ R + (t) − R − (t) > 0. Then, by our diameter bounds and by Blaschke's compactness theorem for convex sets, we could find a sequence of times {t h } such that Ω t h , up to translations, converge in the Hausdorff metric to a limit set Ω ∞ which is not a sphere. By (4.11) and by the continuity of mixed volumes, such a set should have the same generalized isoperimetric ratio as the sphere. This is a contradiction, since the best constant in (2.3) is only attained by the spheres.
Finally, in order to obtain the exponential rate of the convergence we can observe that, after a certain time t * , the pinching condition (1.6) appearing in [11] holds. Then we can apply Theorem 7.7 of that paper to conclude that the hypersurfaces M t converge exponentially to a round sphere, with no need to add space isometries. The proof of Theorem 1.1 is complete.
